Abstract: Axial multifocus beams (AMBs) potentially offer convenience in scientific and industrial applications. However, the general approach used for forming AMBs based on the Fresnel zone plate limits the conceivable applications. In this paper, we introduce a custom-made method to generate AMBs by the point source method to obtain initial phase distribution and a modified Gerchberg-Saxton algorithm to iteratively optimize the phase distribution. Meanwhile, the sidelobe is also constrained in the design simultaneously. Here, foci numbers, positions, and intensity distributions of the AMBs have been designed by binary optical elements, which can be controlled readily and effectively. Both numerical simulations and experiment results show the validity of the proposed method.
Introduction
Axial multi-focus beams (AMBs) offer a broad range of applications, and is being applied in numerous scientific and industrial fields. Particularly interesting applications for such beams are reading in multi-layered peptide array system [1] , optical trapping [2] , [3] , intraocular lenses [4] - [6] , micromanipulation [7] , [8] and multi-layer optical disc storage [9] in general. Such beams are attractive not only because of their multi-focus properties but also we can modulate the beam parameters.
Many approaches have been put forward to design AMBs, such as micro-lens arrays, beam splitters, freeform surfaces, Fresnel zone plates, diffractive optical elements, metasurface, metalens and so on. A general method for designing AMBs was described in Ref. [10] . However, multifocus Fresnel zone plate (MFZP) is a continuous complex amplitude element not a pure phase element due to the limitations of the design principles of the point source method. Furthermore, it is straitened to realize continuous complex amplitude MFZP in the fabrication. Although different approaches have been carried out for designing AMBs, our goal is to present an effective designing approach based on pure phase binary optical elements (BOEs) by optimization algorithm to control AMB parameters, including foci numbers, positions, and intensity distributions. Meantime, various algorithms about such a light field have been brought forward in Refs. [11] - [18] . Owing to phase distribution generally cannot be solved analytically, how to generate a high-quality demand-oriented phase distribution as close as possible is the key to solving problem. In this paper, we propose a practical method to show how to design different AMBs. Firstly, we analyze the axial light field at different N-ring 0-π BOEs theoretically, based on Fresnel-Kirchhoff scalar diffraction theory. Secondly, a custom-made method is proposed for designing AMBs. Finally, numerical simulations and experiment results are carried out to confirm the feasibility of the proposed methods and demonstrate the modulated parameters of different AMBs by pure phase spatial light modulator (SLM).
Design Methods

Calculation of the Axial Light Field
With a scalar and paraxial approximation, as shown in Fig. 1 , for an N-ring pure phase BOE, when an ideal plane wave incidents commonly, the two-dimensional Fourier transform of a field E (r 2 , z) defined in axial position at distance z can be expressed as [19] , [20] where r 1 and r 2 represent the radial coordinates on the input and output planes, respectively. λ is the wavelength, f is the focal length of the lens, J 0 is the zero-order Bessel function. It is worthwhile to note that t(r 1 ) denotes the complex amplitude function in the radial direction on the input plane, which can be written as
where ϕ 1j , j = 1, . . . , N defines the phase of zone j on the input plane, R is the radii of the BOE, and rect(·) denotes a rectangle function defined as
Custom-Made Method for AMBs
To realize the multi-focus specific light field distribution, the phase distribution of the rings should be optimized elaborately. There are plenty of methods by which complex procedures may be applied to meet the specific demands. Phase designing procedure can also be custom-made to suit AMB requirements. Here, we present a modified Gerchberg-Saxton (GS) algorithm based on DeMarco et al. [21] modification with a more precise initial phase value to design such an N-ring phase structure.
Initial Phase by Point Source Method:
Since the GS algorithm is extremely sensitive to the initial phase distribution, we develop an algorithm using the point source method as the initial light field of the modified GS algorithm.
To realize the AMBs with distance z, as shown in Fig. 1 , the complex field just before the lens can be expressed as [22] 
where k = 2π/λ, λ is the wavelength of beam, A l represents the amplitude of the multi-point sources, z l represents the distance from the AMBs to the lens, f is the focal length of the lens.
Modified GS Algorithm:
We develop a GS algorithm for AMBs based on the modified processing of DeMarco's work [21] . Since our target light fields are AMBs, the distribution is not a single plane. It is hard to compute accurately phase distribution by traditional GS algorithm. In DeMarco's work [21] , the transform relates connection to the desired field amplitude with incident intensity. It is not the whole field amplitude replaced, rather than a spatially limited area of interest (AOI).
Phase freedom is permitted everywhere in the output plane, while amplitude freedom is only allowed in the AOI. The propagated field is combined with the target intensity distribution expressed as [21] 
where m controls the relative complex field distribution. Such an approach keeps parameter m fixed, the intensity alters for every iterative. Due to the target field is discrete AMBs with a space. Therefore, we put forward to modify this method to customize for AMBs in three aspects. Firstly, two improvements are put forward with the target light field, that is, the relative complex field distribution m is not a fixed parameter, but a random number within 0 to 1. A random number can get a better solution after a finite number of iterations. Meantime, the target intensity distribution E out are replaced not only the amplitude field but also the complex field in AOI and we found the algorithm converges quickly and guarantees the quality of the output light field, as expressed in Eq. (6) .
Secondly, an ideal plane wave with a distance z l is defined to calculate ϕ l by the modified GS algorithm, where l is the diffraction planes. The average phases can be expressed as
where p l is a random number between 0 and 1, and
l =1. Then, ϕ can be used as an initial phase distribution to substitute ϕ l . Formulas are iterated systematically until the target light field is expected, as shown in Fig. 2 .
Thirdly, to obtain the optimal AMBs, the sidelobes intensity also should be considered. Hence, we propose an evaluate value to control the sidelobe energy. In our work, the evaluation function is chosen as the average value of sidelobe ratios over a certain axial range The desired optimized phase is to make use of the relationship between Eqs. (4) to (8) , that is, to identify an initial phase with the transform and sidelobe function. Therefore, continuous phases can be obtained through q cycles. Fig. 3 is a detailed flowchart of the optimization algorithm by which custom-made for AMBs. We also found the results that are more accurate when we use more diffraction planes to design. It can be anticipated from flowchart that the computation will become intensive with the increasing number of focus and diffractive planes. In our simulations, different diffraction planes are suitable to obtain different requirements. For four-focus, seven diffraction planes are suitable to obtain good performance with a short time.
Generally speaking, the phase designed by the proposed custom-made method for AMBs is continuous. Considering the continuous/multi-level BOEs fabrication difficulties, we need to impose continuous phase distribution to binary phase distribution to get the optimal radii for phase jumps. It should be noted that the phase binarization is only performed at the final phase designed of custom-made method for AMBs. If we use a continuous BOE phase instead of a multi-level BOE, the output performances of the AMBs are shown in Fig. 4 . To loose the fabrication of BOEs, we present a custom-made method for AMBs to generate N-ring 0-π phase BOEs to optimally meet the requirements.
Numerical Simulations and Experimental Results
In the previous sections, we show how to design a custom-made BOE with the point source method and a modified GS algorithm for AMBs. In this section, foci numbers, positions, and intensity distributions of AMBs can be modulated by above methods. Experimental are carried out to show the consistence with the numerical simulations in different AMB parameters at NA = 0.035. The design parameters are shown in Table 1 .
To validate the performance of our proposed custom-made method, a He-Ne laser with wavelength 632.8nm is used as the incident light source, and a reflective pure-phase SLM (Holoeye PLUTO, Germany) is used to produce phase patterns. The designed phase distribution is uploaded as a BOE in the experiments, where the pixel size is 8 μm × 8 μm. The pixel number of SLM is 1080 × 1920, and the circular area with a diameter of 875 pixels in the center is used, where the aperture is utilized to ensure the used area of the SLM is matched with the size of the BOE with the diameter of 7 mm. The polarizer is also used to guarantee the incident beam can illuminate at TM polarization, where the zeroth order of the beam is not included in the experimental results. Meanwhile, the sidelobes intensity also is constrained. It is noteworthy that the acceptable intensity variation of the sidelobe is set to be lower than 25% of the maximum intensity on-axis.
Numerical simulations (blue dotted line) and experimental results (red point) with normalized intensity for different N-ring BOEs are presented in the left-hand column. Meanwhile, measured images by CCD detector (Coherent, America) in the experiment are also shown in the left-hand column. 3D numerical simulations are given in the right-hand column. Fig. 5 shows the light intensity distribution of different foci number in the axial position, and it consists of bi-focus, tri-focus, and four-focus in the same NA. As an example of application, the incoming intensity can be reconstructed from the incident plane wave to different beams distribution with good uniformity intensity, as expected. The relationships between the normalized intensity and defocus distances for two-ring 0-π BOE (r 1 = 0.71), three-ring 0-π BOE (r 1 = 0.59, r 2 = 0.75), and five-ring 0-π BOE (r 1 = 0.41, r 2 = 0.67, r 3 = 0.71, r 4 = 0.89) are corresponding to bi-focus, tri-focus and four-focus, which are shown in Fig. 5 , respectively.
We also show the results by custom-made method to present the ability of modulated foci positions. In our calculation and experiment, we choose beams with the best axial intensity uniformity to ensure a high-quality axial modulation. The relationships between the normalized intensity and defocus distances for two-ring 0-π BOE (r 1 = 0.71), four-ring 0-π BOE (r 1 = 0.19, r 2 = 0.42, r 3 = 0.81), and four-ring 0-π BOE (r 1 = 0.18, r 2 = 0.50, r 3 = 0.80) are corresponding to the center distance of bi-focus at 150 μm, 220 μm, and 260 μm, shown in Fig. 5(a1) and (a2), and Fig. 6 , respectively.
To test the controllability for AMBs intensity distributions, different forms of beam are carried out, including V-shaped and W-shaped. Meantime, the submaximal value is set to 50% of the maximal value for V-shaped and W-shaped. The relationships between the normalized intensity and defocus distances for three-ring 0-π BOE (r 1 = 0.65, r 2 = 0.76), six-ring 0-π BOE (r 1 = 0.19, r 2 = 0.41, r 3 = 0.60, r 4 = 0.79, r 5 = 0.84), and five-ring 0-π BOE (r 1 = 0.19, r 2 = 0.41, r 3 = 0.79, r 4 = 0.71) are corresponding to the V-shaped and W-shaped, which are shown in Fig. 7 . It can be evident the custom-made method has good regulation ability to realize the target field.
Conclusion
In summary, we numerically and experimentally show that AMBs can be modulated by BOEs. Point source method is used to obtain the efficient initial phase, and a modified GS algorithm is presented to design N-ring BOEs, the sidelobe are also constrained in the design simultaneously. Specifically, asymmetric intensity distributions of AMBs can also be designed by this custom-made method, for instance, AMBs with linear intensity variations. We believe that the ability to generate AMBs will be fully used for potential laser applications.
